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1. Asymptotic Analysis-Concepts

e Evaluate the “efficiency” of an algorithm.

e Commonly used notations:
* Big-Oh notation: measure the upper bound complexity.
* Big-Omega notation: measure the lower bound complexity.
* Big-Theta notation: just there! Upper & lower bounds meet!



Upper & lower bound? (1)

* For some algorithm f(n), assume we can prove the greens:
* O(1) O(log n) O(n) O(n:log n) O(n?) O(n3) 0O(2")

NNANNNNNN

(minimum upper bound)
* 0O(1) Qlogn) Q(n) Q(n-log n) Q(n?%) Q(n3) Q(2")

NNNNNNNN

(maximum lower bound)
* The minimum upper bound and maximum lower bound meet
e => f(n) is O(n-log n)



Upper & lower bound? (2)

* For some algorithm f(n), assume we can prove the greens:
* O(1) O(log n) O(n) O(n:log n) O(n?) O(n3) 0O(2")

NANNANNN

(minimum upper bound)
* 0O(1) Qlogn) Q(n) Q(n-log n) Q(n?%) Q(n3) Q(2")

NNNNNNNN

(maximum lower bound)
* The minimum upper bound and maximum lower bound don’t meet
e => we cannot conclude f(n) is ©(n-log n). Usually, we only say f(n) is O(n?)



Upper & lower bound? (3)

* For some algorithm f(n), assume we can prove the greens:
* O(1) O(logn) O(n) O(n-log n) O(n?) O(n3) 0O(2")

ANNNN

(minimum upper bound)
* 0O(1) Qlogn) Q(n) Q(n-log n) Q(n?%) Q(n3) Q(2")

NNNNNNNN

(maximum lower bound)
 Upper bound is smaller than lower bound: such case NEVER happen!!!



Rules: help you calculate complex one

For Big-Oh and Big-Omega, all of them are valid:

Polynomial Rule: Only the biggest matter

Product Rule: the big multiplies the big

Sum Rule: the bigger of the two big

(Log Rule): Log only beats constant

(Exponential Rule): Exponential beats power functions

Al S



1. Asymptotic Analysis-Practice Problems

for (int i = 0; 1 < n; i++) {
// Some 0(1) operation
}

for (int 1 = 0; 1 < n; 1i++) {
for (int j = 0; j < n; j++) {
// Some 0(1l) operation
}



1. Asymptotic Analysis-Practice Problems

for (int i = 0; 1 < n; i++) {
// Some O0(1l) operation
} (1) op o(n)

for (int 1 = 0; 1 < n; 1i++) {
for (int j = 0; j < n; j++) { 0(n?)
// Some 0(1l) operation
}



1. Asymptotic Analysis-Practice Problems

for (int i = 0; 1 < n; i+=(n/2)) {
// Some 0(1) operation
}

while (n > 0) {
if (n % 2 == 1)
res = res * a;
a =a * a;
n=n/ 2;



1. Asymptotic Analysis-Practice Problems

for (int 1 = 0; 1 < n; i+=(n/2)) {
// Some 0(1) operation O(1)
}

while (n > 0) {
if (n % 2 == 1)
res = res * a; o

@
O(log n)

a =a * a;

n=n/ 2;

More Info: https://www.rookieslab.com/posts/fast-power-
} algorithm-exponentiation-by-squaring-cpp-python-implementation



1. Asymptotic Analysis-Practice Problems

check and prove g(n) = (0.1n? + nlogn) - (nlogn ++/n) = O(n? - logn).



1. Asymptotic Analysis-Practice Problems

check and prove g(n) = (0.1n? + nlogn) - (nlogn ++/n) = O(n? - logn).

Idea:

1. “Expand” the g(n) to 4 terms

2. Prove g(n) =0(n3 - log n) : Apply rule 3: Sum rule, only choose biggest among all.
3. Prove g(n)=Q(n3-logn): Apply rule 3: Sum rule, only choose biggest among all.
4. Done!

Two key points:
1. Apply the rule to simplify the problem;
2. When proving ©(:), we need to prove O(:) and Q(-) together.



2. Complexity for recursion and divide-and-
conquer - Concepts

e To calculate the complexity for recursion and divide-and-
conquer algorithm:

e Step 1: Get the recursive expression (looks like: g(n) = g(n-1)
+0(n), g(n) = g(n/2) + O(n) )
e Step 2:
* Method 1: Unfold g(n) to g(1) by hand and get the answer.
* Method 2: Master theorem--



» Recurrence: T(n) < a-T(n/b) + 0(n%)
» An algorithm that divides a problem of size ninto a
subproblems, each of sizen /b

Onlogn)  ifa=bd

T(n) = < O(n9) if a< bd
\..o(nlogb(“)) ifa> bd/

\

" @ number of subproblems (branching factor)
b: factor by which input size shrinks (shrinking factor)

d: need to do O(n?) work to create subproblems + “merge” their
._solutions )

From Prof. Fang’s slides — lec 6 — page 19.



4-1 Recurrence examples

- - : - e . Let you be
Give asymptotic upper and lower bounds for 7'(n) in each of the following recur- y -
rences. Assume that 7'(n) is constant for n < 2. Make your bounds as tight as familiar
possible, and justify your answers. with it!

a. T(n)=2T(n/2)+ n*.
» Recurrence: T(n) < a-T(n/b) + 0(n%)

b T =T0n/10+n Ap algorithm that divides a problem of size n into a

c. T(n)=16T(n/4) + n>. subproblems, each of sizen/b

d. T(n)=TT(n/3)+ n?. rO(ndlog n) ifa=z bd

e. T(n)="7T(n/2)+ n? T(n) = < O(nd) if a< bd

f. T(n)=2T(n/4) + /n. O(nlegs(@)) if a>bd
o - 4

g. T(n)=Tmn—2)+ n-.
' a: number of subproblems (branching factor)
b: factor by which input size shrinks (shrinking factor)

d: need to do O(n?) work to create subproblems + "merge” their
Problem 4-1 (page 107, 3rd edition) . solutions J




Question a-f: Use Master’s Theorem.

a. By master theorem, T'(n) = ©(n*).

b. By master theorem, T'(n) = ©(n).

c. By master theorem, T'(n) = ©(n?lgn).
d. By master theorem, T'(n) = ©(n?).

e. By master theorem, T'(n) = ©(n'87).

f. By master theorem, T'(n) = ©(y/nlgn).



Question g: Expand the recursion

e T(n) = T(n-2) + n?

. =T(n-4) + (n-2)2 + n2
. =T(1) + 32+...... + (n-4)%? + (n-2)% + n? (If nis odd)
. =T(2) +4%+...... + (n-4)? + (n-2)?> + n? (If nis even)

* By the sum of the squares formula, We know that T(n) is O(n3).

* Some small tricks in our case: \ 12422, 3%, 42 2
+2 +3 +4 + ... +n
* Even n: use formula with n=2k in it.

Derivation:

e Odd n: use sum difference (total sum-even sum) n(n+1)(2n+1)

6




Question g: Expand the recursion (details)

| P T)= 2"+ 47+ - - 1
* Tricks to calculate:

et n=2k:
*-Sum of even squares .,y _ [0+ (2x2) et (2B)
e - Sum of odd squares =22 (P42 - +E)
— 4. K CE)(2E+H)
=4 A

— N () (h+1) - On?)

i b
P T(n)=1*+37+ TERY N j\

(l+2+ +n) (2+‘t+ +n+7)
Pt

ILHW" k howy o bow.!




Look back: An example that upper/lower
bounds does not meet (Will not be in exam)

Upper & lower bound? (2)

* For some algorithm f(n), assume we can prove the greens:
* O(1) O(logn) O(n) O(n:logn) O(n?) O(n*) O(2")
AAAAA
(minimum upper bound)
* 0(1) Q(logn) Q(n) Q(n:logn) Q(n?) Q(n3) Q(2")
AAAAAAMANA
(maximum lower bound)
* The minimum upper bound and maximum lower bound don’t meet
« => we cannot conclude f(n) is ©(n-log n). Usually, we only say f(n) is O(n?)




Tn Bxercise, -1 (b), we fknow:
i~ M Sy
For expression like: o [mn Jn)= T )—M et

T(n) = T(7n/10) + log(n) st Q”“P"""“’O‘/' i ERAS
N _ O
T (F5) + fopln), &> Comt use

Cannot use Master Theorem. 9, Tln) =T (&H)+ 99(n) <TC;”J+ y] ;()[n)

MO'Shr

--But we can do scaling (51 4g) iy

--So we can find a good upper L 50 (o)
bound, O(n); & Tin) T[ )“”f)(” 7T( )-H/l | _Q %

--And a good lower bound,
Q(log n)!

Conclusion:

By our knowledae o fw, we com owly conclude

Tl =T U ) +loyln) = 0Ln) , SL(]o 1)
(Will not be tested. Just for fun!)




Coding Question: Insertion Sort

e We provide three languages (C++/Python/Java) of code, with
corresponding reference answer on Blackboard.

* The sorting function should **return void**, i.e., You need to modify
in-place.

* The problem is not difficult, but you need to think about “edge cases”.



How It Works:

1.Start with the second element (index 1) in the array, treating the first
element as already sorted.

2.Compare the current element with the previous elements.

3.Insert the current element into the correct position by shifting the larger
elements one position to the right.

» A simple algorithm for a small number of elements

5

4 38 7 15 3 2 27 2 46 © 19 50 48 » Similar to sort a hand of cards

« Start with an empty left hand

* Pick up one card and insert it info the
correct position

* To find the correct position, compare it
with each of the cards in the hand,
from right to left

* The cards in the left hand are sorted




3.Q&A
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